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Abstract
We discuss applications of QCD sum rules on the light-cone to the form factors of





constants. In the light of our results we examine the pole dominance model for these
form factors. A rst estimate is given on the nonfactorizable amplitude of the decay
B ! J= K.
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1 Introduction
The reliable extraction of fundamental parameters from data on heavy avoured hadrons is
an important theoretical task. While the inclusive B and D decays appear to be the cleanest
reactions theoretically, exclusive decays are experimentally often more favourable. However,
for the interpretation of exclusive measurements one needs an accurate knowledge of decay
constants, form factors and other hadronic matrix elements. Among the existing approaches,
QCD sum rules [1] have proved to be particularly powerful in obtaining reliable estimates. In
this report, we discuss applications of the sum rule method to form factors of the transitions




B coupling constants, and to the nonfactorizable
amplitude of the decay B ! J= K. From a more technical point of view, our calculations
aim at developing alternative variants of sum rules which avoid some of the problems inherent
in the more familiar original version.
As explained in Section 2, the so-called light-cone sum rules provide a very economical
way to obtain B and D form factors and couplings. In this variant, the ideas of duality and
matching between parton and hadron descriptions intrinsic to QCD sum rules are combined
with the operator product expansion (OPE) techniques used to study hard exclusive processes
in QCD [2, 3]. Using these results , we then examine the pole dominance model for form
factors in Section 3. Finally, in Section 4 we describe an attempt to estimate weak amplitudes
beyond the usual factorization approximation considering the decay mode B ! J= K as a
prototype example and employing conventional sum rule methods.
2 Transition form factors and hadronic couplings
2.1 QCD sum rules on the light-cone
In contrast to the conventional sum rules based on the Wilson OPE of the T-product of currents
at small distances, one may consider expansions near the light-cone in terms of nonlocal
operators, the matrix elements of which are given by hadron wave functions of increasing
twist. As one advantage, this formulation allows to incorporate additional information about
the Euclidean asymptotics of correlation functions in QCD for arbitrary external momenta.
For deniteness, we focus on the correlation function which will later be used to evaluate













































. We set m

= 0 everywhere.




are negative and large, the charm quark
























into eq. (1) one readily obtains
F
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This contribution is depicted diagramatically in Fig. 1a.






















and integration over x and k yield
F































































has been used, D being the covariant derivative. One now encounters the following problem.
If the ratio
~















is nite one must keep an innite series of matrix elements of local operators in eq. (5). All





) in the heavy quark propagator, diering
only by powers of the dimensionless parameter
~
. Therefore, short-distance expansion of eq.
(3) is useful only if
~
 ! 0, i.e. for p
2
' (p + q)
2
or, equivalently, q ' 0. In this case, the
series in eq. (5) can be truncated after a few terms involving only a small number of unknown
matrix elementsM
n




one has to sum up the
innite series of matrix elements of local operators in some way.
This formidable task can be solved by using techniques developed for hard exclusive pro-
cesses in QCD [2, 3]. Returning to the initial expression (1) for the correlation function one
expands the T -product of currents near the light-cone x
2
= 0. In a rst step this leads to
the same approximation (3) involving vacuum-to-pion transition matrix elements of nonlocal
operators composed of light quark elds at light-like separation. These matrix elements are
expanded in x and at x
2
' 0 reexpressed in terms of pion wave functions with given twist. For
the present discussion it is again sucient to focus on the rst term in eq. (3) proportional
to m
c



















where the wave function '






of the pion carried by a constituent quark. Substituting eq. (7) in eq. (3)




















+ ::: ; (8)
where the ellipses represent contributions of higher twists and multicomponent wave functions.
The leading three-particle wave function enters in connection with gluon emission by the heavy
quark line as shown in Fig. 1b. This contribution is included in the calculations of refs. [4, 5]
2
as well as two-particle wave functions up to twist 4. The calculation of perturbative O(
s
)
corrections indicated in Fig. 1c and 1d is in progress.
Comparing eqs. (5) and (8) one sees that the innite series of matrix elements of local
operators encountered before in eq. (5) is eectively replaced by hadronic wave functions.
These universal functions describe the long-distance dynamics similarly as the universal vac-
uum condensates appearing in the more familiar sum rule variant based on short-distance




























Fig. 1. QCD diagrams contributing to the correlation function (1) and involving (a) quark-antiquark
light-cone wave functions, (b) three-particle quark-antiquark-gluon wave functions, (c) and (d) per-
turbative O(
s
) corrections. Solid lines represent quarks, dashed lines gluons, wavy lines are external
currents.
2.2 D !  and B !  form factors









































































In the above, the pole term is due to the ground state in the heavy channel, while the excited
and continuum states are taken into account by the dispersion integral with the eective
threshold s
0
. Invoking semilocal duality, the latter contributions are cancelled against the
3
corresponding piece of the dispersion integral representation of the QCD result on the l.h.s. of
eq. (10). After Borel transformation in the variable (p+ q)
2






























to eq. (10) where M
2





























































































































































































are twist-3 pion wave functions. The ellipses denote contributions of
higher twist. The contributions of twist 4 are given explicitly in refs.
4;5
. The analogous sum










are interrelated by the QCD












= 170  10 MeV , m
c





] which satises this two-point
sum rule without O(
s
) corrections in consistency with the neglect of O(
s
) corrections in





. The uncertainty quoted for f
D
corresponds to the variation with the
Borel parameterM
2
within the appropriate range ofM
2























For the pion wave functions we use the parametrization suggested in ref. [6]. Arguments
for this choice are given in ref. [5]. The maximum momentum transfer p
2
at which the sum
rule (12) is applicable is estimated to be about 1 GeV
2
for D mesons and 15 GeV
2
for B










) are plotted in Fig. 2. The dependence
of eq. (12) on the Borel parameter M
2
is rather weak in the range where the twist-4 and









for the B !  form
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Fig. 2. The form factors for the transitions (a) D !  and (b) B !  as predicted by the light-cone
sum rule (solid lines) in comparison to the single-pole approximation (dashed lines) with the normal-







































































































Here, the rst term arises from the ground state contribution and contains the D

D coupling























) represents higher resonances and continuum states in
the D

and D channels. The additional single dispersion integrals are due to necessary sub-




as independent variables and applying the Borel
operator (11) to eq. (15) with respect to both p
2























































































are the Borel parameters associated with p
2
and (p + q)
2
, respectively.













g as desired, while the subtraction terms depending only on one of the vari-
ables, p
2
or (p + q)
2
, vanish.
Applying the same transformation to the expression (8) and equating the result with eq.















































































. The ellipses refer to higher-twist and gluonic contri-
butions. The contributions from higher states are again subtracted invoking semilocal duality












is determined by the value of the pion wave function at u ' 1=2, that is by the
probability for the quark and the antiquark to carry equal momentum fractions in the pion.
This interesting feature is shared by the sum rules for many other important hadronic couplings
involving the pion. As already pointed out, the quantity '

(1=2) is considered to be a universal
nonperturbative parameter, similar to quark and gluon condensates in the standard approach.
It may be determined from suitable sum rules in which the phenomenological part is known
experimentally. We take the value '

(1=2) =1.20.2 obtained from the light-cone sum rule
for the pion-nucleon coupling [6]. For the remaining parameters we use the same input values
as in the calculation of the form factor f
+
D
in Section 2.2. In addition, we take f
D

= 240  20





= 12:5  1:0 : (19)











the higher state contributions are less than 30% and the twist-4 corrections do not exceed 10%
. The sensitivity to the eective threshold s
0
is reasonably small. For example, variation of s
(c)
0
between 5 and 7 GeV
2





by less than 5%. The above prediction can be directly tested experimentally
in the decay D







) = 32  5 keV,






) < 89 keV.





























in addition to the B channel parameters specied in Section 2.2 and conning oneself to the











= 29  3 : (20)
6
If the threshold s
(b)
0
is varied between 34 and 36 GeV
2
, this value changes by 5%.
The dependence on the pion wave function disappears in the limit q ! 0 as can be seen






(u) = 1. This is just the limit
where the correlation function (1) can be treated in short-distance expansion. The condition
q ' 0 is also implicitly assumed in refs. [7, 8] where the correlation function (1) is calculated
using the external eld method, or equivalently the soft-pion approximation. Our more general
calculation [5] conrms the result of ref. [8].









x the normalization of the form factors of the heavy-to-light































It is dicult to justify the pole model from rst principles. Generally, it is believed that














 O(1GeV). However, there are no convincing arguments in favour of this
model to be valid also at small values of p
2
which are most interesting from a practical point
of view. Nevertheless, using the results presented in Sections 2.2 and 2.3 one observes that
not only the shape but also the absolute normalization of the form factors at low p
2
appears
to be in rough agreement with the pole model. This is illustrated in Fig. 2. Quantitatively,
at p
2




























) with Q = c and b, respectively, the numerical agreement




within 50% for f
+
B
. This nding is surprising. Even if the contributions of several low-lying




) channel may mimic the p
2
dependence of a single pole, there is no








) to a good (
rough) approximation.
Despite of the overall qualitative agreement in the mass range ofD and B mesons, the light-
cone sum rule and the pole-dominance model dier markedly in the asymptotic dependence





























)g^ which are expected to be valid
at m
b


















: The latter result rests on
the behaviour in QCD of the leading twist pion wave function near the end point, that is on
'

(u)  1   u at u! 1.
Since we see no theoretical justication for extrapolating the pole model to the region
p
2
= 0 we believe the sum rule result. The solution suggested by Fig. 2 is then to match








Referring for a detailed discussion to ref. [5] we emphasize that the light-cone sum rules seem
to be generally consistent with the heavy quark expansion. In particular, the light-cone sum








































g^ = 0:32 0:02 ;  = (0:7 0:1) GeV : (23)
4 Nonfactorizable eects in the decay B ! J= K
Nonleptonic two-body decays of heavy mesons are usually calculated by factorizing the appro-
priate matrix element of the weak HamiltonianH
W
into a product ( or a sum of such products
) of a form factor and a decay constant. However, as well known, naive factorization fails.
In order to achieve agreement with experiment it is necessary to let the Wilson coecients
a
1;2
emerging from the operator product expansion of H
W
and multiplying the relevant weak
matrix elements deviate from the values predicted in short-distance QCD. Phenomenologically
[12], a
1;2
are treated as free parameters to be determined from experiment.
The decay B ! J= K provides an important example. The relevant part of the weak






















































). In factorization approximation, the decay amplitude is given by
hJ= (p)K(q) j H
W





























is the decay constant of the J= , f
+
K








denotes the J= polarization vector. From the short-distance value of a
2
, the
branching ratio is estimated to be almost an order of magnitude smaller than the experimental





the framework of the 1=N
c
expansion [15] of the weak amplitudes yields reasonable agreement.
One can argue that the factorizable term proportional to c
1
=3 is cancelled by nonfactorizable
contributions being of the same order in 1=N
c
. Such a cancellation was rst advocated in ref.
[15] and then shown in ref. [16] to actually take place in two-body D decays . In the latter
work QCD sum rule techniques were used in order to estimate the nonfactorizable amplitudes.
Recently, we have investigated the problem of factorization in B decays using B ! J= K
as a study case [17]. Following the general idea put forward in ref. [16], we calculate the
four-point correlation function











(0)g j 0 > (27)




















generating currents of the mesons involved and H
W
is the eective weak Hamiltonian (24).
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To lowest nonvanishing order in 
s
the nonfactorizable contributions to the matrix element






. Obviously, the contribution of this operator
to the B ! J= K amplitude (26) vanishes by factorization because of colour conservation.














we construct a sum rule for
~
f which enters the correlation function (27) through the ground
state contribution. In the QCD part of this sum rule all nonperturbative contributions from
vacuum condensates up to dimension 6 are included. The corresponding diagrams are indicated
in Fig. 3. In the hadronic part a complication arises from intermediate states in the B meson





pair. These virtual states are created by
weak interaction and converted into the J= K nal state by strong interaction. In the quark-
gluon representation of the correlation function (27) calculated from the diagrams of Fig. 3
one can identify corresponding four-quark uscc intermediate states. Invoking quark-hadron





























Fig. 3. Diagrams associated with (a) the gluon condensate, (b) the quark-gluon condensate and (c)







We then perform, as usual, a Borel transformation in the B meson channel and take
moments in the charmonium channel. The spacelike momentum squared in the K-meson
channel is kept xed. As explained in ref. [17], at this stage one encounters a second problem.
The usual subtraction of higher state contributions employing semilocal quark-hadron duality
is not possible here. Therefore, we must include these contributions explicitly in the sum rule.
For this purpose we use a simple two-resonance model for the spectral functions in each of
the three channels: B and B
0
in the ub-channel, J= and  
0
in the cc-channel, and K and K
0
in the us-channel. This rough approximation, yields
~
f =  (0:045  0:075) . The full decay

















where the rst two coecients are associated with the factorizable part of the matrix element
(26), while the third term is due to the leading nonfactorizable term (28). Interestingly enough,




=3 and the nonfactorizable term in
(29) are opposite in sign. Although the nonfactorizable matrix element is considerably smaller












=3)j ' 20 30. In fact, if j
~
f j is close to the upper end of the predicted
range, the third term in eq. (29) almost cancels the second term, thereby increasing the
branching ratio considerably. This is exactly the scenario anticipated by 1=N
c
-rule [15].
It is also very interesting to note that our theoretical estimate yields a negative overall sign
for a
2
in contradiction to a global t to data [14]. Furthermore, there is no theoretical reason
in our approach to expect universal values or even universal signs for the coecients a
1;2
in
dierent channels, in contrast to what seems to be suggested by experiment. Universality can
at most be expected for certain classes of decay modes, such as B ! D or B ! DD, etc.
Also, there is no simple relation between B and D decays in our approach since the OPE for
the corresponding correlation functions signicantly dier in the relevant diagrams and in the
hierarchy of mass scales. We hope to be able to clarify these issues further.
Concluding we would like to stress that QCD seems to predict a much richer pattern in
two-body weak decays than what is revealed by the current phenomenological analysis of the
data.
5 Conclusion
The exible and careful employment of QCD sum rule techniques in the analysis of exclusive
heavy meson decays promises considerable progress in solving the open problems, at least
some of them.
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